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Abstract 

We describe a general method to prove meromorphic continuation of 
dynamical zeta functions to the entire complex plane under the condition 
that the corresponding partition functions are given via a dynamical trace 
formula from a family of transfer operators. Further we give general con- 
ditions for the partition functions associated with general spin chains to 
be of this type and provide various families of examples for which these 
conditions are satisfied. 
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Introduction 

The dynamical zeta functions of interest in this paper are generating functions 
of the form 

(1) Cfl(*):=exp(X;— 3 

V 4 n 

71=1 

associated with sequences (-^n) ra6N in C. If the Z n arise as 'partition functions 
of a dynamical system, the notion of dynamical zeta functions or Ruelle zeta 
functions has been introduced by Ruelle in [21] and [22]. Naming and special 
form of these functions are motivated by concrete examples from statistical 
mechanics. The partition function encodes the statistical properties of a system 
in thermodynamic equilibrium. It depends on the temperature, the volume, 
and the microstates of a finite number of particles. We will consider partition 
functions of the form 

(2) Z„ = ^(-l)" trace G " or Z n = dctl 1 - A ") trace G n 
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for large n. In the first case one has a (possibly) infinite family of compact 
operators G„, called transfer operators, such that the corresponding Schatten 
norms satisfy Ylu=o W^v" \\si(H v ) < 00 • I n the second case one has as a transfer 
operator G together with an auxiliary operator A. We will refer to formulae 
of the type (2) as dynamical trace formulae. Examples of such dynamical zeta 
functions derived from trace formulae of the type (2) have been treated repeat- 



edly in the literature, see e.g. [9], [11], [26], [27], [12], [15], [14], [4], [5], [18], 



Unlike other kinds of zeta functions such as Riemann's, Sclbcrg's, or Artin's 
zeta function, our dynamical zeta function is an exponential of a power series, 
hence itself a power series. Considering s t— > Cfi( e ~ s ) one obtains a function 
which is holomorphic in a right half plane, provided £i?. has a non-zero radius 
of convergence. Zeta functions typically occur as a kind of generating functions 
for collections of objects like prime numbers or prime geodesies and it is natural 
to ask for their analytic properties. In particular, in order to prove asymptotic 
results for counting functions it is important to know whether the zeta functions 
have meromorphic continuations to a larger set or even to the entire complex 
plane. Moreover, one wants to obtain information on the location of the poles. 
We will show that this kind of information can indeed be provided if the parti- 
tion function can be written via dynamical trace formulae. More precisely, we 
show that such dynamical zeta functions are quotients of regularized Fredholm 
determinants, one factor for each transfer operator (see Theorem 2.1 and The- 
orem 2.3). Thus they have representations as Euler products, and it is possible 
to give a spectral interpretation for its zeros and poles. 

Results of the kind sketched above become interesting only if one has a suffi- 
cient supply of examples of partition functions with the desired properties. We 
provide a general principle how to construct such examples from (classical) spin 
chains. To describe these, we consider a Hausdorff space F equipped with a 
finite measure v, and let A : F x F — > {0, 1} be a v ® immeasurable function, 
which we call a transition matrix. Then 17a := {£ £ F N | A(£j, = 1 Vi} will 
be referred to as a configuration space. Further we fix an interaction A G Cb(f2&)- 
These data, together with the left shift r : F N -> F N , (rf) fc := £ fc+1 , are called 
a spin chain or, more technically, a one-sided one- dimensional matrix subshift. 
With such a matrix subshift we associate a dynamical partition function 



where Xi ... x n := (xi, . . . , x n , x\, . . . ,x n , . . .) and x n +i '■= x%. Consider the 
special case of A = 0, and let p n : F N — > F n , £ i— > (£i, . . . , £ n ) be the projection. 
Then 



which measures the number of closed r-orbits in fi^ with period length n with 
respect to the a priori measure v. In particular, if the system is a full shift, 
i.e., A = 1, then Z n (0) = v(F) n . For general non- interacting matrix subshifts 
it is possible to show (see Proposition 5.1) that there is an operator C?& such 
that Z n (0) = trace If the interaction A is non-zero we have to make more 
assumptions in order to guarantee such trace representations of the partition 
function. See Theorem 5.3 for a precise formulation. Its proof depends on a two 



[19]. 



(3) 




Z n (0) = v n ( 



special types of trace formulae. One (see Lemma 1.6) is elementary but subtle 
and deals with iterates of averages of Hilbert-Schmidt operators. The other (see 
Theorem 4.6) deals with composition operators on Fock spaces and is based on 
a fixed point formula of Atiyah and Bott . 

In order to satisfy the hypotheses of Theorem 5.3 one has to verify certain 
estimates which boil down to asking for a rather rapid decay of the interactions 
(see Theorem 6.2). Nevertheless, the theorem is strong enough to produce, 
among others, all the corresponding results scattered in the literature quoted 
above (see Example 6.5). 

The paper is organized as follows. In Section 1 we recall some key definitions 
and provide a number of technical results concerning traces and determinant 
in infinite dimensions used later in the paper. In Section 2 we show how to 
continue dynamical zeta functions meromorphically if a dynamical trace formula 
holds. Section 3 contains a description of the composition operators that are 
instrumental in the construction of dynamical trace fromulae for spin chains 
in Section 5. The underlying trace formulae for these operators are proven in 
Section 4. In Section 6 wc apply our results to Ising type spin chains and give 
examples for interactions for which our results can be applied. 

1 Traces and Determinants 

Given a compact operator K on a Hilbert space Tt we will denote by (Xj(K))j^ 
the sequence of its eigenvalues counted with multiplicities. Let (sj(K))j e pj be 
the sequence of the singular numbers of K, i. e., the eigenvalues of the positive 
compact operator \K\ = y/K*K. For 1 < p < oo the Schatten class S p (Tt) is 
defined as the space of all operators K such that 

ll^lls p (W) : = \\(Sn{K)) n zn\\lP(H) < oo. 

The Schatten classes S P (H) C End(7i) for 1 < p < oo are embedded subalgc- 
bras, i. e., they satisfy 

ll^llEnd(W) ^ ll^lls P («)' II^IISpCH) < mils p (W) \\ B \\s p (H), 

and have the approximation property, i. e., the finite rank operators are dense 
with respect to || • \\ Sp ( H ) (cf. [2, Thm. XI. 11.1]). For any A x , . . . , A w £ S P (H) 
one has (cf. [2, Thm." IV. 11. 2]) 

\p] 

(4) (trace (Ax- ■ ■ A fp] )\ < |L4i • • • A [p] \\ Sl{H) < ]J \\A,\\ Sp{H) . 

3=1 

By [2, Thm. XI.1.1] this estimate implies that for any n Q 6 N> p the no- 
regularized determinant 

n —l ^ 

(5) det„ o (l - F) := det(l - F) exp( ^ - trace 

fc=i 

defined on finite rank operators admits a continuous extension to S p (Ti.), also 
denoted by A dct„ o (l — A). The following assertions are true on the level 
of finite rank operators and can be extended to S P (H) by continuity (see [2, 
Thm. XI.2.1]). 



Lemma 1.1. Let Ti be a Hilbert space and 1 < p < n Q < oo. The function 
z \— > dct„ o (l — z^4) is entire for every fixed A £ S P {TL) and has the representation 



(6) 



det n „(l - zA) = 1+ ^2 



where the coefficients c n {A) are defined by 



i bi n-1 
I b 2 



c n (A) := dot 



i b„_i 6„_ 2 i>n-3 
\ 6 n b n _i b„_ 2 



\ 
\ 



61 1 i 

62 6i / 



and 



traced", ifn>n , 
0, otherwise. 



For \z\ sufficiently small one has 

(7) det no (l - zA) = cxpf - V] — trace A" 

Ti— Ti D 

Let (Aj)j 6e i/ie eigenvalues of A G S P (TL) 7 then one has the Euler product 



(8) det Bo (l-«A) = JJ((l-zA,) exp( ^ 



n -l X k 



k=l 



where f no {z) = (1 — z) cxpf 



z \ (*) 



k=l 



k 



exp 



□ 



The identity (★) can be obtained as a consequence of the power series expansion 
of log(l — z). The Euler product expansion (8) shows that the zeros of z m 
det no (1 — zA) are in bijection with the eigenvalues of A. 

Lemma 1.2. Let Ti. be a Hilbert space. Then for any n € N there exists a 
constant T no > such that for all A £ S Uo (Ti.) the estimates below hold. One 
can choose T\ = 1. 

(9) |det„ (l + A)| < exp(r n J|^"i Sl(w) ) < exp(r„JA||^ o(w) ). 

Proof. The inequality |dct„ o (l + A)\ < exp(r„ o || A\\™° ^) can be found in 

[2, Thm. XI. 2. 2]. It based on the estimate \fn a (z)\ < cxp(r„ o \z\ n °) for some 
constant r„ o > 0. Using (8) one derives from this the slightly sharper estimate 

|det no (l + A)| < exp(r no J2\*j(A)\ n °) 

3 

= exp(r ilo £|A,(A"°)|) 

3 

< exp(r„J|A"i Sl(w) ). 

□ 



The following criterion for the convergence of infinite products of regularized 
determinants will turn out to be useful. 

Lemma 1.3. Let (7i^) u eN be a family of Hilbert spaces. Fix n Q G N and pick 
G u e S no (TL v ) satisfying Y,7=o \\ G v° llsi(?C) < 00 ■ r ^ erl 



]det, lo (l-zG,). 



i/=0 

converges absolutely and locally uniformly to an entire function of z. 

Proof. Note that the function /„ o from Lemma 1.1 is of the form f no (z) — 1 = 
z n ° h no (z) for some entire function h Uo . Further, c := supj, eN \\G U \\ is finite. 
Hence \h no (Xj{zG v ))\ < supi^^^i,. \h no (w)\ =: c z for all eigenvalues Xj(zG v ) of 
zG v . Now the hypothesis implies that 

00 00 

EEl/^^))- 1 ! ^ ^^\*i(*G v )\ n °\KMzG v ))\ 

i/=0 j i/=0 j 

00 

i/=0 3 

OO 

u=0 j 

00 

= c z \z\ n ° 

is finite. Thus the infinite product Jl^Lo II j fn (Xj(zG^)) converges, and by 
Lemma 1.1 it is equal to Jl^Lo det„ o (l — zG v ). This proves the claim. □ 

Proposition 1.4. Let Hi and H2 be two Hilbert spaces and n Q G N. Pick 
A G S„ o (Tti) and B G S„ o (H.2). If we denote the eigenvalues of B by Xj(B), 
we have 

dct„ o (1 - z A ® B) = Y[ det„ o (l - zX-j (B) A) . 
3 

Proof. For \z\ < \\A\\~^ {Hi) \\B\\~^ the Lidskii Trace Theorem ([2, Thm. 



IV. 6.1]) applied to the trace class operators B n (n > n ) yields 

oo n 

dct„ (l-zA®B) = expf- V — trace (A <g> B) n 



(7) 



expf — — trace A n trace S 

n—n 

exp f- ^ — trace A" ^A^S)™ 

n=n j 

exp ( ~ H — a j ( B ^ n tracc A " 

j n— n 

oo n 

J expf- ^ — trace {X j (B)A) n 

j n—n 

Jdct no (l-zXj(B)A). 



Here we used that for z in the chosen range the inner double series converges 
absolutely and locally uniformly. By Lemma 1.1 the left hand side is an entire 
function in z. Therefore analytic continuation shows that the identity holds for 
all z G C if we can show that also the right hand side is an entire function in z. 
But that follows from Lemma 1.3 applied to the family Gj := Xj(B) A. □ 

Let A : H — > TL be a trace class operator on a Hilbert space H and l\ r A : 
/\ r Ti — > f\ r H. its r-fold exterior product. Then (cf. [23]) we have 

dimW 

(10) det(l -A)=J2 (-l) r tracc A r A 
and the estimate 

(11) \\^ r A\\ Sl{ArH) <±\\A\\ r Si{ny 

For the special case of a finite rank operator B with spectrum Ai, . . . , Propo- 
sition 1.4 implies that 

(12) det„ o {I — zA® h u B) = det„ o (1 — zX a A), 

ae{0,l} d ; \a\ = u 

where for a G {0, l} d we set A Q :— Y\j=i ^j 3 ■ Approximating Schatten class 
operators by finite rank operators one derives the following proposition: 

Proposition 1.5. For n G N consider A G S no (Hi) and B G S no (H.2) with 
eigenvalues Xj := Xj(B). Then 

(i) 

det„„(l - zA® A V B) = lim det„ o (l - zX a A). 

aG{0,l} d ; \ot\=v 



(ii) 



TTdet no (l-zA® A U B) = lim TT det„ o (l - zA Q ,4). 

f=0 Q, 6 {o,l} d 



Proof. (i) For any d £ N let pr d S End(7i2) be the orthogonal projection 
onto the space spanned by the first d generalized eigenvectors of B and 
B d := pr d o B o pr d . Then {B d ) dm converges to B in S no (H 2 ) by [2, 
Thm. IV 5.5]. Thus for any C € S no (Tti) the sequence (C (g> B d ) d& ^ 
converges to C <g> £? in iS>n (?ii £3)7^2 )■ The continuity of the regularized 
determinant X t— > dct„ o (1 — X) now shows lim^oc dct„ o (1 — zA ® B d ) = 
dct„ o (l - zA ® B) for all A e <S„ (Hi), so that (12), applied to the B d , 
implies the claim. 

(ii) We know that 

d 

det„ (1 - z\ a A) = det„ o (1 - z\ a A) 

QG{0,l} d v=0 a£{0,l} d ; \a\=v 

d 

= ~[ det n „(l - zA® A u B d ) 

v=0 



T^ det„ D (l — zA® A"B d ), 



v=0 



since A V C = for any C € Mat(rf, d; C) and v > d. In view of (i) it only 
remains to show that 

oo oo 

lim TT det„ o (l - zA® A v B d ) = TT lim det„ o (l - zA <g> A v B d ). 

d — >oo d — >oo 

Expanding both sides in terms of the eigenvalues of B we see that it suffices 
to show 

oo oo 

dct„ o (l-zA Q A) — ► TT det„ o (l-zA Q A). 

r/ — . -x 

^=0 ae{0,l} d ; \a\=v v=Q a£{0,l} N ; \u\=i> 

For this kind of rearrangement it is enough to verify the summability 
condition (16) from Lemma 1.3, i.e., the finiteness of 

oo oo 

E E \\^ a Ms no (H) = \\zA\\ SnoiH) j2 E i A "i- 

u=0 Qg{o,l}W; \a\=v ^=0 Qe{0,l}»; \a\=u 

To show this, we recall that the eigenvalues of the trace class operator 



A"B are the A a with \a\ = v and note that 

oo oo 

E E i A "i - EEi A ^( A ^)i 

f=0ag{0,l}«; \a\=v v=0 k 



< EE s ^( A ^) 

i/=0 fe 
oo 

= E II A " B \\si(^H 2 ) 
v=0 

11) ^ 1 

^ E^H B ll5 1 (« 2 ) <0 °- 



!/=0 



□ 



Lemma 1.6. Let (F,v) be a measure space, g : F x F — ► C a measurable 
function, and (S X ) X £F Q> measurable family of operators on a separable Hilbert 
space TL. The formula 



(13) (T(/i®/ 2 ))(<t) := / g(x,a)f 1 (x)S x f 2 du(x) 

J F 

defines a Hilbert- Schmidt operator T : L 2 {F, dv)®H — ► L 2 (F, dv)®H iff 



(14) JJ F \g{x,a)\ z du{a)\\S x \\ z S2{H) d V {x)<^. 

In this case T satisfies 

\\ T \\%(L2(F t d»)®H) = / l5(^>^)| 2 ^)II^||| 2 ( W )^) 



and 

ra-1 



trace T n = ( JJ g(xj-,a;j + i)j g(x„, a?i) trace (S^o. . .o5 Xl ) di/"(a;i, . . . ,x„) 



/or all n > 2. Moreover, for these n we have 

n-l 



ll rl H5 2 (L2(F,rf,)®W) = / / |(n»( I i' I 3 + 1 ))^'" ff )| 2 X 

J F J F n ■ i 



3=1 

x ||5 Kn o ... o SxJI^c^) dv n (xi, . . .,x„)di/(c7-). 



Proof. Suppose first that (13) defines a Hilbert-Schmidt operator. Fix orthonor- 
mal bases (ei)^, (fj)jeN for L 2 (F, dv) and Tt, respectively. Then, by Parseval's 



identity, one has 



\\ni mF , dvm) = E ii r (*®/ 3 -)ii 5 



i,j,k,l— 1 



E 



E 

j,/=i 



F JF 



g(x, cr)ei(a;) (S x fj\fi) dv{x) e k (a) dv(a) 

2 

cr) (S x fj | /;) d^(a;) cii/(cr) 



JJ F \g( Xl a)\ 2 E | /,>fdf(x)di'(<r) 



F JF 



\g(x,cr)\ 2 dv{o)\\S x \\ 2 S2{H) dv{x). 



Conversely, if (14) holds, we reverse this calculation and conclude that not only 
the integral (13) converges for almost all <r, but also that it defines a Hilbert- 
Schmidt operator on L 2 (F,dv)®H.. 

Now assume that T is Hilbcrt-Schmidt. Then for n > 2 the operator T" is trace 
class and a simple induction argument shows that 

(T"(e® /))(*) = 

/n— 1 
( II ffe^j+i)) g(x„,cr) e(x 1 )S Xn o . . . o S X J dv n (x u ...,x n ). 

By the first part of the proof the S x . are Hilbert-Schmidt (for almost all Xj), 
hence the compositions S Xn o . . .0 S Xl are trace class. Now the trace of T n can 
be calculated as follows 

00 

trace T" = E ( T " ( e * ® h ) I e * ® /j > 



E 



F JF" 



g(xx,x 2 ) ■ ■ -g(x n -i,x n ) g{x n ,a) x 



x (S Xn o . . . o S Xl f 3 I /,-) ei(xi) dv n (xi 7 ...,x n ) ei{a) dv(cr) 



E 



ff(xi,ar 2 ) • • ■g{x n - 1 ,x n )g{x n ,cr) x 



F JF" 



x trace (S Xn o . . . o ei(a?i) di/^xi, . . . , x„) e^a) c^(cr). 
We claim that trace T n can be rewritten as {Sn^i | e^) = trace £/„ with 



/ n— 1 



x trace (S^ o . . . o S Xl ) f(xi) dv n (x u . . . ,x n ). 



Note that (by Fourier expansion and induction) 

oo n— 1 

trace (S n o ... o Si) = E ( JJ (Sjh i} \ h ij+1 ) ) (S n h in | h^) 

il,...,»n = l J = l 

for any orthonormal basis (Zii)igN for 7i and Hilbcrt-Schmidt operators on 
H. Setting 

(Gi,jf)(v) ■= / g{x,a) (S x hi\hj) f(x)dv{x) 
J F 

for i, j G N, we can rewrite £/„ as 

« n— 1 

(G n f)(<r) = / ( n 5(^,^+1)) 9(xn,(?) x 

00 n 

Xi , . . . , # n J 

ii,...,i„ = l j"=l 

00 

= E (Si n ,i! Qi n -uin ° ■ ■ ■ ° Si u i 2 f)(<r). 

ii ,. . .,i-n — 1 

The identity 

00 00 „ 

(is) E H^llWw)) = E / ls(^)l 2 l<^MMl 2rf ^)^(y) 



ff (x,2/)| 2 E |(s*k| fc i>l 3< M a < Mt') 
i,j=l 

15(3, y)\ 2 \\Sx\\ 2 s 2 m) dv ( x ) My) 

F 2 



implies that the Gij are Hilbert-Schmidt operators on L 2 {F,dv). Therefore, for 
each (ii, . . . , i n ) £ N ra the integral operator G% n ,i x Gi n _ lt i n o . . . o 0i 1; i 2 is trace 
class and by [7, Ex. X. 1.18] its trace can be obtained by integrating the integral 
kernel along the diagonal. If Gn is trace class, we have 

trace Gn = E tracc Gin-iAn • ■ ■ fti,i 2 ) 

ii ,. . . ,2^ — 1 
^ n— 1 

= / f g(xj,Xj+i)) 5(x„,xi) trace (5 X „ o ... o S Xl ) dv n {x x , ... ,x n ) 

Jf " 1=1 
= trace T n . 

Thus, to prove the claim it suffices to show that ,- =1 Gi n .i x o . . .0 Gi lt i 2 

converges in Si (L 2 (F, dvy\ . Using the technical Lemma 1.7 below, we obtain 



oo n 



the estimate 

ii,...,» n =l j=l 

l/2 



CIS) f f f | , II r, || 2 



|s(>,2/)| ||S' :c || < s 2(w) di/(a ; )<My) 



n/2 



which proves the claim. To conclude the proof of the lemma one verifies the 
formula for \\T n \\ 2 s ^ L2 ^ F du ^ u ^ f° r n>2, which can be done similarly as in the 
case n = 1. □ 

If v is a finite measure on F, g : F — ► C is bounded, and ll^ll^c^) dv(x) is 
finite, Lemma 1.6 shows that the associated operator T is Hilbert- Schmidt. 



Lemma 1.7. Let rt > 2 and suppose that the functions a a, : N x N — ► C satisfy 

X 



Z)n=i l a fc(*' J')| 2 < oo /or fc = 1, ... ,7i. TTien 



oo n n oo ^ ^ 

e n^fe^+i)|<n(E i°*(i.j)i 2 ) 

ii,...,i n =l fe=l fe=l iji=l 

using the convention that i n +\ = ii- 

Proof. We proceed by induction. The case n = 2 follows from the estimate 

oo oo oo \J2 00 1/2 

E 01 02(^2, «i) < E ( E *2)| 2 ) ( E I«2(*2, ix)' 2 



ilj*2 = l il = l 22 = 1 »2=1 

2 

|2 1 



1/2 



< n(p*)i ! 

fc— 1 i,j= 1 

To do the induction step consider a n (i,j) := J^ =1 |flt n (i, m) a n +i(m,j)|. Then 

2 



00 00 



E l 5 n(*>i)| 2 = E ( E |an(i,m)a n+ i(m, j)| 

— l 1 m— 1 



00 00 
< ( X] K(^ m )| 2 ) ( Yl l a n+l(^)i)| : 



m,j=l 



and induction yields 

00 n+1 00 n — 1 

^ J a k (i kl i k+1 ) < ^2 I afc(ifcj*fc+i) 5n(*njii) 



ii,...,z,T,_l_i — 1 fc— 1 ii,...,i n =l fc— 1 

n— 1 00 



1/9 1/9 

< n( E l«*(*.i)l a ) ( E M*.i)l 

fc=i 2,i= 1 2)i=i 

n+l 00 - , 2 



□ 



2 Meromorphic Continuation 

The following theorem is an analog of a result of D. Mayer (see [14, Thm. 7.17]) 
proven there in the context of generalized Perron- Frobcnius operators associated 
with expanding maps. 

Theorem 2.1. Let (Ti-^^eNo t> e a family of Hilbert spaces. Fixn a G N and pick 
G v G S rio (H lJ ) such that 



(i6) J2w G 



v IISi(H„) 



< oo. 



u=0 



Let (Z n ) n€ fi be a sequence in C such that Z n = J2T=o(~ l)" trace G™ for all 
n > n a . Then the dynamical zeta function £r associated with (Z„)„ 6 n admits a 
meromorphic continuation to the entire plane. It is given by the formula 



Cr{z) = exp( ]T — Z n ) Y[ (det„ o (l - zG v \ 



n 

n=l u=0 



Proof. We treat the case of finitely many non-zero operators first, say Gi = 
for all I > k. For \z\ < min{|| (G u ) n " \ | v = 0, . . . , k}, using Lemma 1.1, 
one calculates 

n G — 1 n oo k n 

Cr(z) = exp( Z ~ Z n) cx P ( ]T trace G?) 

n— 1 n— n v— 

n D -l ^ n fc 00 (-1)" 

= ex p( e — z «j n ex p( e — tmce g ") 

n— 1 v— n—n 

n a — 1 n fe /^vxz+i 

= exp( ^ — Z n J [J (det„ o (l - *G„)J 
n=l ^=0 

and obtains that this is a finite product of meromorphic functions. 

We turn the general case. By (16) the sequence ||G™°||5 1 (« J/ ) tends to zero 

as v — ► oo, so the minimum min{||G™° \\g^ n \ \ v G No} > exists. Using 

the convergence criterion from Lemma 1.3 we see that the quotient of infinite 

products 



oo 

Y[ (det n „(l -zG v ) 



u=0 



= II^odct no (l-zG 2y+ i) 



converges absolutely and locally uniformly for all zeC. □ 

Corollary 2.2. Given two Hilbert spaces Ti and TL , fix n a G N, and consider 
G G S no (H) and A G S no (H. ). Let (Z n ) n€ ^ be a sequence in C such that 
Z n = det(l — A") trace G n for n > n a . Then the dynamical zeta function £r 
associated with (Z„)„ e N admits a meromorphic continuation to the entire plane. 
It is given by the formula 

n — 1 n dim 7i + i 

Cr(z) = exp( J2 —Zn) (det no (l - zG® A^A) X 



n 

n=l v=0 



Proof. Since A r (A n ) = (A r A) n and trace A trace B = trace (A <g> B) for all 
trace class operators A and B, the identity (10) implies that 

Z n = det(l - A") trace G n 

dim Ho 

= H (— 1)" trace (A w A n ) trace G n 

dim H„ 

= ("I)" trace G™ 

with G„ := G <g> A^A on := W<g> A y H G for n > n . Note here that the 

estimate (11) provides the summability condition (16). In fact, 



dim Ho dim H 



v=0 



l(Gy n i 5l (H M ) = £ l|G"°®A^|| 5l(w 



dim Ho 

= l|G n °|| Sl(w) £ l|A-A"°|| Sl(A ^ o) 

oo 

< ||G"°|U l(H) E-||A"°||^ (Ho) <oo. 

Now we can apply Theorem 2.1 to finish the proof. □ 

Consider the case of a dynamical zcta function in the presence of the dynam- 
ical trace formula of the type Z n = det(l — A") trace G™. We obtain a better 
understanding the zeros and poles of the zeta function calculating the regular- 
ized determinants as infinite products involving the eigenvalues of A. In fact, 
combining Proposition 1.5 with Corollary 2.2 yields the following spectral inter- 
pretation of the poles and zeros of ^r. 

Theorem 2.3. Given two Hilbert spaces Ti and Ti fix n a £ N and consider 
G € S 7lo (H) and A 6 S no {Ti ). Let (Z n ) n€ jq be a sequence in C such that 
Z n = det(l — A") trace G™ for n > n a . Denote the eigenvalues of A by (Ai)igN? 
repeated according to multiplicity. For a G {0, l} d set A Q := 0^=i A""- Then 
the meromorphic continuation of £r is given by the formula 

1 _n , „ 



Cfl (z) = exp ( Z — Z n) £m J] ( dct "° ( 1 " zX ° G ) 



n=l ae{0,l} d 

□ 



3 Composition Operators on Fock Spaces 

We start by briefly recalling some basic properties of reproducing kernel spaces of 
holomorphic functions on not necessarily finite dimensional manifolds. Our basic 
reference for this material is [16], although we choose a different normalization. 
Let Ti C C E be a Hilbert space consisting of complex valued functions on a 
set E. The space Ti is called a reproducing kernel Hilbert space (RKHS), if for 



each x G E the evaluation functional ev 2 . : H — > C, / i— » /(x) is continuous. A 
function fc : E x _B — > C is called a reproducing kernel for 7i, if for all y G J5 
the function k y := fc( • , y) : E — > C belongs to W and if for all f G H, y £ E we 
have / (y) = (/ | Recall that a function p : x _B — > C is positive definite, 

if (=1 Sfe aip(xk, xi) > for all n e N, aj G C, aij e£(j = l,,.. , n). These 
concepts are connected by the following fact, cf. [16, 1.1]: If H C C E is a RKHS, 
then the function k : E x E — > C defined by fc(x, y) := cv 2 o ev* is a positive 
definite reproducing kernel for H. Moreover, for all / G H, x £ i5 one has 

(17) |/(a:)| < H/ll v^M- 

Since the span of the kernel functions k w (w € E) is dense in H, a bounded 
operator T on H is uniquely determined by its "integral kernel" 

(18) k T (z,w) := (Tk w )(z) = (Tk w \k z ). 
The integral kernel of the adjoint T* of T is obtained from 

k T . (z,w) = (T*k w | k z ) = (k w | Tk z ) = (Tk z | k w ) = k T (w, z). 

Recall that the Bargmann-Fock space .7 r (C m ) is defined as the space of entire 
functions F : C rn — > C with 

\\f\\% icm) := J \f(z)\ 2 exp(-^||z|| 2 )dz < ex. 

where dz denotes Lebesgue measure on C m . It is a RKHS with reproducing 
kernel k(z,w) = exp {ir(z\w)). 

Let (TL, (-|-)) be a separable Hilbert space, then the map k : TLxTL —* C, (z, w) i— > 
exp{w(z\w}) is a positive definite kernel, see [16, 1.2.2]. One defines the (symmet- 
ric) Fock space to be the unique reproducing kernel Hilbert space T(TL) C C n 
associated with this kernel. Since the reproducing kernel is holomorphic in the 
first and anti-holomorphic in the second variable, [16, Prop. A. III. 10] shows that 
J~(TL) C 0{H). In particular, T(TL) consists of continuous functions. Let (ej)jgj 

be an orthonormal basis for TL. Then the monomials Ca (z) = (^t) Ili^ki) 014 
(a G (No) J ) form an orthonormal basis for the Fock space F{H), where we use 
the standard multiindcx notations: al := rii ^ an d \ a \ '■= J2i a i- We will use 
composition operators to view the .F(C m ) as subspaces of !F(TL). In this context 
we note the following elementary lemma. 

Lemma 3.1. Let TL\, Hi be separable Hilbert spaces and A : TL\ — > TL2 a linear 
operator with \\A\\ < 1. Define C A : T{TL 2 ) -> F{Hi), f ^ f o A. Then C A 
is continuous with \\Ca\\ < 1 and (Ca)* = Ca*- If A is surjective, then Ca is 
injective. In particular, if AA* = id, then Ca is an isometric embedding. 

Proof. We use the reproducing kernel property for the reproducing kernels k^ 
of J 7 {Hi) (i = 1, 2). Let x G H%, y G Hi. Then 

(C A k^\k^) = (k^ o A){y) = k^(Ay,x) = e ^ Ay ^ = e *W*h 

and 

e *W*U = k^(y,A*x) = (C A ,k^)(y) = (C A .k^\k^). 



This shows that C A and Ca* are adjoint. 

\\C A kPf = (C A kP\C A kP) = (C A .C A k&\kP) = {C AA .l&\kP) 
= kV\AA*x,x)=k {2 \A*x 1 A*x) = Wk^J 2 , 

so 

\\C A kW\\ = \\k%l\\ = cxp(ip*x|| 2 ) < cxp(i||x|| 2 ) = HfcfH 
implies the claim. □ 
Using Lemma 3.1 we obtain 

(i) If P : TL — > TL is a projection, then Cp G End(J 7 (H)) is a projection. 

(ii) If P : TL — > 7i is self-adjoint, then Cp G End(jF(7i)) is self-adjoint. 

(iii) As a consequence of (i) and (ii) we see that if P : TL — > 7i is an orthogonal 
projection, then Cp £ End(J r (TL)) is an orthogonal projection. 

(iv) Let P : ?i — * TL be an orthogonal projection. For p : 7i — > PW, z i— > Pz 
we have P = p*p and pp* = idp-^. Hence C p : J 7 (PTC) — > .F(H) is an 
isometric embedding. 

(v) With the identification T{PH) = C P {T{PTL)) C we can view 
J- (PTC) as a subspace of J-(TL). Moreover, T{PTL) has a reproducing 
kernel, namely the kernel of T(TL) restricted to PTt x PH. 

(vi) C p * : JF(ft) -> JT(PW) is the adjoint of C p : T(PTL) -> .F(H), C P = 
C P (C P )*, and 1 = ||C P || = ||C P ,||. 

Lemma 3.2. Let P n : TL — > 7Y &e a sequence of orthogonal projections con- 
verging to the identity in the strong operator topology. Then the sequence 
Cp n G End(.P(7i)) of orthogonal projections converges in the strong operator 
topology to the identity on !F(H) as n — > oo. 

Proof. For all z G TL one has P n z — > z as n — > oo. Since T(H) C C(TC), we 
have for all / G 

C P J(z) = f(P n z) —►/(*). 
Using the reproducing kernel property, this can be rewritten as 

(c P j\k z ) —►(/!*,) 

for all z £ TL. Since the functions fc z (z G 7i) form a total subset of T(H), this 
implies weak operator convergence which on a Hilbcrt space coincides with the 
strong operator convergence. □ 

Parts of the following proposition can be found in [10, II.]. 

Proposition 3.3. Let P n : TL —* TL be an ascending sequence of orthogonal 
projections with n- dimensional range converging in the strong operator topology 
to the identity, i. e., P n TL C P n +iTL. Set pr„ : TL — ► TL n '•= Pn7~L, z i— > P n z. A 
function f belongs to the Fock space FiTL), defined as the RKHS with reproduc- 
ing kernel k(z,w) = exp(n(z\w)), if and only if the following three conditions 
hold: 



(i) / : Ti — * C is continuous, 

(ii) for all m G N £/ie map f o pr^ : TL m — ► C is analytic, and 



(iii) sup / |/opr r * n (z)| 2 exp(-7r 



2> 



— 7r||zir) dz < oo 



In this case, this supremum equals 



\f\\ 2 HH) = lim M / l/°PC(*)| 2 exp(-7r||z|| 2 )dz. 



Proof. We already observed that T(7i) C 0(H), hence (i) and (ii) hold for 
/ G J-(H). For raelwc introduce 



Cm(f) := / l/opr^z)^ exp(-7r||z||^z 

= H^Prm/H^CHm) = H < ^P I ' m ( ^P r m/ll? : '('H) ~ 1 1 / 1 1 JF(M) " 

By Lemma 3.2 one gets 

lim Cm(f) = Urn ||Cp m /||^ {w) = || lim C^/H^ = ||/||J- (W) . 

Suppose, conversely that / : H — ► C satisfies (i) - (iii). The bounded sequence 
{Cp m f) me p{ m C(7<) has a weakly convergent subsequence with limit /. Hence 
/ G T(H) and 

11/11 = lim °m(f) < SUpC m (/). 

Viewing J-(H m ) as a subspace of f(?( m |i), Parseval's identity implies that the 
sequence c m (f) indexed by m G N is monotonically increasing. □ 

Let £ be a set and V a space of complex valued functions on E. A (weighted 
or generalized) composition operator is an operator T : V — > V of the form 

(Tf)(z)=cj>(z) (fo^)(z), 

where </> : E — > C, ip ■ E — > are given functions. If the multiplication part is 
trivial, i.e., 0=1, then T is called a (classical) composition operator. 
Let £?, F be non-empty sets. Let 4> x : E C, ip x : E ^ E ior each x E F, 
and T x : C E ^ C E , (T x f)(z) := ^(z) (/ o ^)(z). Then a simple induction 
argument yields the composition law 

n 

(19) (T Xn O.. .oT x J)(z) = JJ(0x fe °V'x A , +1 o --- o '0x»)(2) (foip Xl o.. .oip Xn )(z). 

fe=l 

Remark 3.4. Let < g < 1 and : X — > X be a function on a normed space 
(X, || • ||) with \\ip(z) — ij}(w)\\ < q ||z — w\\ for all z, w <E X. Then if) is called a 
contraction. Set 

, 9n . IIV>(Q)II 

(20) ?> := i _ . 

Let ?* > and |z| < r. Then the estimate 

11^)11 < U(z) -V(0)|| + || V(0)|| <<? ||.z|| + ||^(0)|| <r 



shows that the set K r := {z G X | ||z|j < r} satisfies ip(K r ) C ^qr+||'0( o )ll c ^V- 
Let ip m ) := ^ o ... o ip (m-times) be the m-th iterate of ip. Then for any z £ X 

and m > rin > — ^ ^ we have 

||^ (m) WII < U lm) (z)-^ m \0)\\ + U lm) (0)\\ < q' n \\z\\ + r^, < r, 

since G K r ^ implies -0 (m) (O) £ K r ^ . □ 

Remark 3.5. Let (X, || • ||) be a normed space, ip : X — > X be a contraction in 
the sense of Proposition 3.4, and (4:l^Ca continuous function. Let r > r^p 
with r^ as in (20), and T be the weighted composition operator 

T : C(JT r ) - C(K r ), (Tf)(z) = 4>{z) (/ o r/,)(z). 

(i) Let g G C(K r ), then Tg belongs to C(i-Cs r ) for some <5 > 1. In fact, 
if z G K Sr and (5 < rHl r V g (0)l1 , then \iP(z)\ < grtf + ||-0(O)|| < r. Since 
t^M^E > 1 ; we may choose S > 1. 

(ii) Every eigenfunction of T for a non-zero eigenvalue belongs to C(X). To 
see this, let / G C(K r ) be an eigenfunction of T for a non-zero eigenvalue 
p. Hence by iterating relation (i) n-timcs we get / = p~ n T n f G C(Ks^ r ) 
for some S > 1. Since X = U r >o^ 1- ' we conc hide that / G C(X). □ 



4 A Trace Formula for Composition Operators 

Let U C C k be an open bounded complex domain. Let A°°(U) denote the 
space of holomorphic functions on U which are continuous on the closure U of 
U. Clearly, ^4°°(£7) is a Banach space with respect to the supremum norm. 
The following theorem, due to D. Ruelle ([21], see also [12, Appendix B], [13] 
for the infinite dimensional case) is based on a fixed point formula of Atiyah 
and Bott (cf. [1]). 

Theorem 4.1. Let U C C k be an open bounded complex domain. Let <p : U — > C 
and ip : U — > U be holomorphic functions with continuous extensions to U and, 
moreover, ip(U) C U. Then ip has a unique fixed point z* G U and the weighted 
composition operator 

T : A°°{U) -> A°°(U), (Tf)(z) = 0(z) (/ o ip)(z) 

is nuclear of order zero with trace given by the Atiyah-Bott type fixed point 
formula 

6{z*) 

trace ^T^^— _. 

□ 

Lemma 4.2. Let ip : C" 1 — ► C" 1 and <p : C m — » C be entire functions, and ip a 
contraction in the sense of Proposition 3.4- Let r > r$ with r^ as in (20) and 
T : A°°(B(0;r)) — > A°°(B(0; r)) be the composition operator acting via 



(Tf)(z)=cP(z) (W)(z). 



Let f an eigenfunction of T for a non-zero eigenvalue p. Then f is entire and 
there exist c\ , ci > such that for all z £ C m 

\f(z)\<\\z\\- c ^» sup max U(e lt z))\ c ^^ . 

\ w \< r tG[0,27r] 

Moreover, if A 2 (U) := 0(U) n L 2 (U,dz) denotes the Bergman space, then 

trace J 4oo([/)T = trace a 2 (u)T 
for all ip -invariant bounded domains U C C m . 

Proof. Let / be an eigenfunction of T for a non-zero eigenvalue p. For n £ N 
we have / = p~ n T n f which by (19) is given as 

n-l 

where i/j is the fc-th iterate of ip. As in Remark 3.5 (ii) one shows that / is 
entire, thus belongs to A 2 (U) for all bounded domains U C C m . Hence every 
eigenvalue of T|a°°((/) belongs to the spectrum of T\a2(jj^, thus by Lidskii's 
Trace Theorem the traces coincide. 

Let z £ C d with j|zj| > and n(z) := \n'q " • ® ne can nna ~ constants 
Ci, C2 > such that ciln||z|| < n(z) < C2ln||z|| for all ||z|| > r^. Remark 3.4 
implies that HV^^K 2 )!! < r, and hence 



< 


\p\- 


- n[z) sup |/( 






\w\ <r 


< 


\p\- 


- n{z) sup |/( 








< 


\p\- 


-ciln ||*|| sup 



i/(^)i = \p\- n{z) | n (0o^))(0)|i(/ovw z »^)i 

n(z)-l 

sup ' (0o^ (fc) )(i 

IMI<IMI fc =0 

sup |<?i(w)P (z) 

IMI<NI 

u;)| sup |0H| C2ln||z|1 - 

|w;|<r \\w || < \\z || 

By the maximum principle we know that the supremum supi!^^.^! |<^>(iy)| is 
attained for some w with ||wj|| = ||z||. □ 

Theorem 4.3. Let b £ C m , A £ Gl(m; C) wit/i ||A|| < 1, and </> : C m C 

an entire function which can be estimated by \<f>(z)\ < cexp(a||z||) for some 
constants a, c > 0. Let T be the composition operator given by 

(Tf)(z) = ct>(z)f(Az + b). 

Then T : f(C m ) — > f(C m ) is a trace class operator with 

Ml - A)- J 6) 
trace ^ (Cm) T = trace A oo (B(0;r)) T = 1 _ 

/or allB(0;r) := {z £ C m | ||z|| < r} wif/i r > 



Proof. The afHne map ip( z ) = ^ z + b is a contraction with q = ||A|| < 1 and 
r.0 = We claim that the Fock space .F(C m ) is a T- invariant Hilbert 

subspace of A°°(B(0;r)) for any r > r^ = jz^aIJ- in f act ; f° r / € T(C m ) the 
standard estimate (17) yields 

\\Tf\\ 2 = j 0(z)f(Az + b) 2 e-^ 2 dz 

< c 2 [ e 2a ^\f(Az + b)\ 2 e-^ 2 dz 

< C 2 \\f\\ 2 I e 2a\\z\\ e 7r\\Az+bf e -rr\\zf dz 



\\f\\ 2 (c+ f e MM e -Ai-\W\ 2 )M\ 2 dz \ 



< \\f\riC+ e za||z " e^ 1 ""*" > nzn dz ) < oo. 

/C m \S(0;r) 

Thus T|jr(cm) is a nuclear map on a Hilbert space, and hence of trace class. 
Let / G A°°(B(Q\ r)) be an eigenfunction of T corresponding to a non-zero 
eigenvalue p. By Lemma 4.2 the eigenfunction / satisfies the estimate 

\f{z)\ 2 cxp(-7r||z|| 2 ) < ||z||- Cllnp exp((a||z|| + In c)c 2 ln||z||) cxp(-7r||z|| 2 ). 

This upper bound is Lebesgue-integrable on C m , and thus / belongs to .F(C m ). 
This shows that every non-zero eigenvalue of TU^BfO;?-)) is an eigenvalue of 
T\j:(v,m-\, hence the traces coincide and by Theorem 4.1 they have the stated 
value. □ 

Let T be a trace class operator on a Hilbert space TC C L 2 (Z, dm) with repro- 
ducing kernel k. Then by general theory the trace is given by integrating the 
integral kernel (18) along the diagonal, 



trace T = I Ut(z, z) dm{z) = / (Tk z )(z) dm{z). 
J z J z 

Thus Theorem 4.3 yields the non-trivial integral identity 

(21) T7l A) ^ ) = / 4>{ Z )e^^e-^dz. 

det(l - A) J C m 

Let Ti be a separable Hilbert space and !F(Ti) the associated Fock space. Fix 
a, b G Ti., and A G End(7i). Consider the (possibly unbounded) composition 
operator 

(22) /C , 6jA : T{H) -» T{H), (K a , b , A f)(z) = e*<*l°> f(Az + b). 

If Ti is finite dimensional and ||A|| < 1, then by Theorem 4.3 the operator K, a ,b,A 
is trace class, hence compact. 

Proposition 4.4. Let (TI, (■ | ■)) be a finite dimensional Hilbert space. 

(i) Let a, beH, A G End(H) with ||A|| < 1, and K, aAA € End(.F(H)) be the 
corresponding composition operator (22). Then (K. a ,b,k)* = fcb,a,A* and 
fca.b.A is self adjoint if and only if A is self adjoint and a = b. 



(ii) If A is positive, then K.b,b.A *s positive and trace class with 

exp(7r||(l - A) _1 / 2 /3|| 2 ) 
trace Kp,p^ = ^wAs^n)) = det(l - A) ' 

(iii) Let a h h G H, A, G End(H) with \\Ai\\ < 1 (i = l,2), then 

)C )C a 7r (^ ) i\ a 2) )C 

'^ai,bi,Ai' v ^a2,b2,A2 — e +A£ a2 ,A2&i +^2 ,A2 Ai • 

Proof. The operator /C a ,&,A has integral kernel 

(*>«0 - e " ( "' a> e^ Az+b ^ = cxp(^((z|a) + (6| W ) + {Az\w))), 
from which one easily gets the integral kernel 



k (ic a . b , A )* 0, w) = k Ka b k {w, z) = exp(7r(z|6) + Tr(a + A*z\w)) 

of its adjoint (/Cq^a)*- Similarly one confirms that 

k ic b , a , A * ( z , w ) = cxp(tt(z|6) + 7r(a + A*z\w}) , 

i.e., QC a ,b,A.)* = fob, a, a*- Hence K, is selfadjoint iff A is selfadjoint and a = b. A 
compact selfadjoint operator is positive iff all its eigenvalues are positive. By an 
argument given in [13, 111] we know the spectrum of K.b,b,&'- Set 4>{z) := e n< ~ z ^ , 
ij)(z) := Az + b, z* = (1 — A)~ 1 b. Then the spectrum spec(K.b,b,A) of Kb,b,h is 
contained in the set 

a* = {0}u{(l)(z*)fi ll -...-^ k \keNo,^espec^'(z*))} 
= {0} U {e^ 1 -^"^^ ■ . .. ■ W J k G No, fij G spcc(A)}. 

If A is positive, then all eigenvalues of K.b,b,A are necessarily positive. Hence the 
operator K,b,b.A is positive and thus the trace norm ||£/3,/3,a||s 1 (.f('H)) °f fc/3,/3,A is 
equal to its trace, which is given by Theorem 4.3. A routine calculation confirms 
the composition law. □ 

Lemma 4.5. Let (H, (• | •)) be a finite dimensional Hilbert space, A G End(7i) 
m'tt ||A|| < 1, and a, b € Tl. Set 

A = VIA*, /? = (1 + VAA 7 )- 1 (Aa + ft), 7 = exp(|(||a|| 2 - ||/3|| 2 )) . 

Le£ /C := /C a; h.A and A" := 7X^9,^ a G End(J r (7i)) 6e £/ie corresponding composi- 
tion operators (22). Then K = |/C| = \JkFK,, and 

llrll 7 exp( 7 r||(l-A)- 1 / 2 /3|| 2 ) 

= det(l-A) 

exp(f |]q|| 2 + f H(l - AA*)- 1 / 2 (Aa + b)|| 2 ) 
det(l - |A|) ■ 



Proof. The composition operator K <E End(jF(7i)) is positive by Prop. 4.4 (ii). 
For all / e T{H) one has by Prop. 4.4 (iii) 



For A, (3, 7 chosen as above we get K 2 = K.*JC, hence K = \JC\ = VkFIC by the 
uniqueness of the operator square root. The trace norm of K, is equal to the 
trace of K, which is given by Prop. 4.4 (ii). In view of 



2|j(l - A) _1 / 2 /3|| 2 - ||/3|| 2 = 

= 2||(1 - VAA 7 )- 1/2 (1 + VAA*)- 1 (Aa + 6)|| 2 - ||(1 + \/AA 7 )- 1 (Aa + 6)j| 2 

= ((2(1 - VAA 7 )- 1 - 1)(1 + VAA 7 )- 1 (Aa + 6)|(1 + VAA 7 )- 1 (Aa + b)) 

= ((1 + VAA*)(1 - %/AA*)- 1 (l + VAA*)- 1 (Aa + 6)|(1 + VAA*)- 1 (Aa + b)) 

= ((1 - s/AA*)- 1 ^ + VAA*)- 1 (Aa + 6)|Aa + 6) 

= ((1 - AA*)- 1 (Aa + 6)|Aa + fe) 

= ||(1 - AA*)- 1 / 2 (Aa + fe)|| 2 



7 exp(7r||(l - A)-^ 2 f3\\ 2 ) = cxp(-||a|| 2 + -||(1 - AA*)- 1 / 2 ^ + b)\\ 2 ). 



Similarly to the proof of Lemma 4.5 one shows that VKJC* is given by K' := 
7'X>,/3',A' € End(J"(H)) with 



Theorem 4.6. Let a, b 6 H, A € £i(W) with ||A|| < 1, and consider the 
weighted composition operator 



K : T{H) -> F(H), (Kf)(z) = e*W a) f{Az + b). 

(i) The operator K := |/C| := ylC*IC : — > is given by (K f)(z) := 

ie *(AP) /(Az + /3), where 



(K 2 f){z) = 7 2 e ^llV^ 1+A *>' 3 >/(A 2 z + (l+A)/?), 
(£*£/)(«) = e^ a llV< z l Ba+b >/(AA*z + Aa + &). 



we obtain 



□ 



A' := |A| = VA^A, := (1 + |A|)- 1 (A*6 + a), 7' := cxp(|(||6|| 2 - \\Pi\\ 2 )) 




(ii) The operator K, is trace class with 



\\^\\s 1 {F{H)) = trace K 



exp 



(f||a|| 2 + f||(l-AA-)- 1 / 2 (Aa + b)|| 2 ) 



det(l - |A|) 



and 



trace K, = 



exp(-7r((l — A) _1 6|a)) 
dct(l - A) 



Proof. As in Lemma 4.5 one gets K = \K\ = \/IC*IC. It remains to show that the 
trace norm of K,, i. e., the trace of K is finite. Let P n : H — » Ti be an ascending 
sequence of orthogonal projections with n-dimensional range converging to the 
identity in the strong operator topology. Set pr n : Ti — » Ti n '■= P n Ti, z i— > P n z. 
Fix m € N and consider K m := Cpr^-ffCp,^ € End(jF(7i m )), which by the 
composition law acts via 

(K m f)(z) = 1 e^^ /(pr m Apr;^ + pr m /3) = e*<*IA»> /(A m z + (3 m ) 
with /3 m = prm/3 an( i A m = pr m Apr^. For any v G J-(Ti m ) we have 

(*T m w | w)^ (Wm) = (Cp^ifCp^v | u>^ (Wm) = (Kv | u)^ . 
Let {v a | a € J m } be an orthonormal basis for T(Ti m ), hence 

^ (Kv a | v a ) = ^2 (K m ( a | Ce*)j7( Wm ) = tra ce if TO . 

The left hand side is monotonically increasing as m — > oo. If it is bounded, it 
has limit trace K. By the Atiyah-Bott formula from Prop. 4.4 (ii) we have 

cxp(7r||(l - K m r 1/2 P m \\ 2 Hm ) exp(7r||(l - A m ) _1 / 2 ,3 m j|^ 

trace Ar m = 7 — ; : — ; — = 7 — ; : — — 

1 det Wm (l-A m ) 1 det«(l-A m ) 

identifying A m G End(7Y m ) with pr*„A m pr m = P m KP m G End(H). Lemma 3.2, 
together with [2, Thm. IV 5.5], shows that the pointwise convergence P m AP m — > 
A is in trace norm. Therefore the following limit exists: 



lim trace K rn = lira 7 



CX P (^j|(l-P m AP m )~ 1/2 /3rn|| 



m — >oc 



det w (l - P m AP m ) 
cxpHKl-A)- 1 /^) 



det«(l - A) 



< 00. 



Thus and /C are trace class. By Lemma 3.2 and [2, Thm. IV 5.5] the sequence 
of trace class operators Cp m JCCp m converges to /C in trace norm, hence the 
Atiyah-Bott fixed point formula from Proposition 4.4 allows to calculate 

trace K. = lim trace C pr C Lm JCC pr C. = lim trace K m 

exp(7r((l- \ a m) H ) 
= lim — - — 

m— too det-ft m (l — A.,„) 

exp(7r ((1 - A)~ 1 b I a) ) 
det w (l - A) ' 

where we view A m ,a m , and b rn as operator on, respectively vectors in, Ti. A 
similar approximation argument, combined with Lemma 4.5, also yields 



exp 

trace K = 



(f||a|| 2 + f||(l-AA*)- 1 /2(Aa + fe)|| : 



det«(l - |A|) 

□ 



As a corollary we obtain an exact formula for the Hilbert-Schmidt norm of a 
weighted composition operator of the form K. a ,b,A which could also be obtained 
directly as a consequence of an identity on Gaussian integrals. We first consider 
the general situation: Let TL C L 2 (Z,dm) be a Hilbert space with reproducing 
kernel k. Consider the composition operator 

(Tf)(z)=<f>(z) (fo^)(z), 

where <p '■ Z — > C, ip : Z — > Z arc fixed functions. Then the Hilbert-Schmidt 
norm of T is equal to 

' \<l>(z)\ 2 k(iP(z),4>(z))dm(z). 
In fact: T has the integral kernel kx{z, w) = 4>{ z ) k(tp{z), w) and 
\s 2 (H) 

' z J z 

2 



\ T \\s*(H) = / / \k T (z,w)\ 2 dm(w)dm(z) 



\4>(z)\ / k(w,tp(z)) k(w,ip(z)) dm(w) dm{z) 
J z 

\^z)\ 2 k{^{z)^{z))dm(z) 
by the reproducing kernel property. 

Corollary 4.7. Let a, b £ H, A e Ssffl) with ||A|| < 1. Then the weighted 
composition operator 

fC : T{H) -> T(K), (fCf)(z) = f(Az + b) 

is Hilbert-Schmidt with 

exp ^7r 1 1 a 1 1 2 + 7r||(l — AA*) _1 / 2 (Aa + b)\\ 2 ^j 
II^H&WO) = dct(l-AA*) ' 

Proof. We use that II^IIs 2 (jf(-h)) = trace K.K.* together with Theorem 4.6. By 
the arguments given in the proof of Lemma 4.4 one has 

(JC*JC/)(z) = e^lMI V<^ Aa + fa > f(AA*z + Aa + b). 

We note that ||AA*|| = ||A|| 2 < 1 and AA* e Si(H). Hence the assertion follows 
from Theorem 4.6. □ 



5 Dynamical Trace Formulae for Spin Chains 

Lemma 3.1 allows to describe the partition function of a non-interacting matrix 
subshift as the trace of an operator, which is then called a transfer operator. In 
the special case of a finite alphabet F this result is well-known. 

Proposition 5.1. Let (F,i/,A,0) be a matrix subshift with vanishing interac- 
tion. Then for n > 2 the integral operator 

g A :L 2 (F,dv)^L 2 (F,dis), (G k f)(x) = [ A a _ x f(a) dv(a) 

J F 



associated with the transition matrix A satisfies the dynamical trace formula 

Z n (Q) = v n ( Pn {{£ £ r» A I r n i = £})) = trace 0J. 

Proof. The operator can be seen as T in Lemma 3.1, where all the operators 
S x := id : C — > C are trivial. Hence (/'. is Hilbcrt-Schmidt and the traces of 
its iterates are given by Lemma 3.1. Comparison of the formulae with (3) now 
proves the claim. □ 

Let (F, v, A, A) be a matrix subshift, where the interaction A is of the following 
form: Let B £ S p (Tt) for some p < oo with /Ospec(B) < 1- For x £ F assume 
that one has a x , b x £ 7i, q x £ C such that for £ = £ r2& 

oo 

(23) A(0 = &1 +7T |a Xl >. 

Here we assume absolut convergence of the series. We interprete A(£) as the 
sum of the potential term q Xl and the sum of two-body interactions between 
the first particle and the particles at positions % £ N>i. 

Let B £ S P (H) for some p < oo with p S pec(B) < 1, then one can choose n £ N 
large enough such that B n has operator norm less than one and is trace class, 
since the spectral radius can be characterized via 



/Ospec(B) = max { \z\ £ M | z £ spcc(B)} = lira {/||B fc || 

k — >oc * 

and B n £ S ma ^ lyP / n )(H). 

For all n £ N and x = (x n , . . . , x\) £ F we set 

n n n — k 

(24) q(n;x) := ^ ^ + ^ E E < B '~%+* K> > 

/c=l fe=l J = l 

n n — 1 

(25) a{n-x) := ^(B"- fe )*a Xfc and b(n; x) := ^ Wb Xj+1 . 

k=l j=0 

For n £ N such that B" £ S 2 (H) with ||B™|| < 1 we define (depending on 
a x , b x £ 7i, and q x £ C) a function c(n; •) : i* 1 " — > R via 

(26) c(ra;x) 

The following proposition describes the type of operators we will use to build 
our dynamical trace formula: 

Proposition 5.2. Let F ^ be an index set, H be a Hilbert space, and B £ 
End(7Y). Given a x , b x £ TL, and q x £ C for x £ F, consider the operator 
M x : C(H) -> C(W) defined by 

(27) := cxp( fe + 7T (2 I a x ) ) f(b x + Bar). 
Fix n £ N and x\, . . . , x n £ F . Then 

{M Xn o . . . o M Xl f){z) = cxp(g(n; x) + tt (z | a(n; x)) ) /(B"z + 6(n; x)) . 



oxp(2Re(g(Ti;a;))+7r||a(r!;2;)|| 2 +7r|| (1-B* 


'(M")*)- 1/2 M" (a{n;x)+b(n;x)) 2 ) 


det(l-B"(] 





7/B" G S 2 {H) with ||B n || < 1, thenM Xn o. . .oM Xl restricts to a Hilbert- Schmidt 
operator on T{TL) which satisfies 

\\M Xn o ...oM Xl \\ 2 S2[ f [n)) = c(n;x). 

Proof. For any family {M x \ x G F} of weighted composition operators acting 
via {M. x f)(z) = exp(A x (z)) f(ip x (z)), induction shows that 

n 

[M Xn o. . .oM x J){z) = exp {y^{A Xk oip Xk+1 o. . .oi/} x J(z)j (foip xi o. . .oip Xn )(z) 

k=l 

for all x\, . . . ,x„ £ F. In particular, if A x (z) = q x + n (z | a x ) and tp x (z) = 
b x + Rz for some a x , b x G H, q x G C, and B G End(H) as above, we have 
to consider mixed iterates of affine maps: Let V be a complex vector space, 
B : V — > V a linear operator, and b x £ V for x £ F. Then induction shows that 
tp x : V ^ V, z i— > & x + Bz satisfies 

fc-i 

(V> Xl o . . . o ^J(z) = B fc z + ^B% +1 = B fc z + 6(k; (ar fcj . . . , an)) 

j'=o 

for all fc G N, xi, . . . , xu £ F, and z£l/. This implies for x = (x n , ■ ■ ■ , x\) £ F n 
that 

(Ai x „ ° • • -°M x J){z) = 

n 

= exp (y2(A Xk o ip Xk+1 o . . . o ^J^)) (foip xl o...o %}) Xn ){z) 
k=l 

n n — k 

= exp ( Y, A Xk (M n - k z + j) /(B"z + *)) 

fc=i j=i 

= exp (g(n; x) + n ^ <B n ~ fe z | a Xk ) ) f(« n z + b{n; x)) 

k=l 

= exp(g(n; x) + it (z | a(n; x)) ) f(E n z + b(n; x)) , 

which yields the first claim. Now Corollary 4.7 gives the stated Hilbcrt-Schmidt 
norm formula and the invariance of !F(7i) . □ 

Recall the matrix subshift (F, v, A, A) with interaction function A from (23) and 
the operators Ai x defined via (27). The following theorem provides a dynamical 
trace formula for the corresponding partition function Z n (A) defined via (3). 

Theorem 5.3. Suppose there exists n £ N such that c(n D ; •) is v n ° -integrable. 
Then there exists an index n\ £ N such that for all n > n% the iterates M. n of 
the Ruelle-Mayer type transfer operator 

(Mf)(a,z)= / A(x,a) exp(q x +n(z \ a x )) f(b x +Mz)dv(x) 

JF 

are trace class operators M. n £ F,nd(^L 2 (F,di')^)J-(Ti)). Moreover, the dynami- 
cal partition function Z n [A) can be expressed as 

Z n (A) = det(l - B") trace M n . 



Proof. By Lemma 3.1 one has for Ti := L (F, dv)®T{H) and n > n a 

\\-M. n \\s 2 (H) = J J H x 2,xi) ...A(x n ,x n - 1 )A(a,x n ) x 

x \\M X „ o . . . o M Xl ||| 3 (jr(7i)) dv n (xi, ...,x n ) dv{a) 



< v{F) / ||Alx„ o...oA4 xl ||J 2(:F(w;)) ^™(a;i,...,a; n ). 

There exists m € N such that for all n > m we have B" G Si(H) and ||B"|| < 1. 
By Proposition 5.2 (and, possibly, by enlarging ni) the operator Ai n is trace 
class for all n>n\. By Lemma 1.6 the trace of A4 n is given by 

Y\ M x ji x j+i)) trace (M Xr p. . .oM Xl ) dv n {x\, ...,x n ) 

using the convention that x n +± — x\. Proposition 5.2 shows that for all choices 
of x = (x n , . . . , x\) <E F n the trace formula from Theorem 4.6 can be applied to 
the operator M. Xn o . . . o M Xl . It yields 

exp(g(n;a;) + 7r((l-B")- 1 6(n;a;) I a(n;x))) 

29 trace (M x o...oM Xl ) = V V ; ^— ' s ' 

K ' v " i; det(l-B") 

with a(n;x), b(n;x), and q(n;x) as in (24) and (25). The inner product occur- 
ring in (29) can be rewritten as 

n— 1 n 

{(l-W t )- 1 b(mx)\a(n;x)) = ((1 - B")" 1 £ B% +1 | ^(B"- fe )*a Xfe ) 

j=0 fc=l 

n — 1 n 

j=0 fe=l 
n n— 1 oo 

fe=i j=o ;=o 

Extending the finite sequence b Xl , . . . , b Xn € 7i to an n-periodic sequence, i. e., 
setting b Xk+ln := b Xk for all = 1, . . . , n and I € No, we obtain 

g(n; a;) + tt((1 - B") _1 6(n; cc) | o(n; a;)) = 

n n n—k n n— 1 oo 

= Efc + ^E E^" 1 ^^ i «xj +-EEE( BJ+n " H! "^ +1 1 ffl ^> 

fc=l fc=i j=i fe=i j=o j=o 

n n oo 

^=1 fe=i j=i 

n-l 

= 5^A(r fc (iBi...x Tl )). 

fc=0 

This together with (28), (29), and (3) completes the proof. □ 

We note that unless B G S2(H.) with ||B|| < 1, we cannot show M. to be a 
bounded operator on L 2 {F^dv)®T(7i). 



6 Ising Type Interactions 



In this section we present some explicit models known from the physics literature 
for which Theorem 5.3 actually provides dynamical trace formulae. A detailed 
description of these models can be found in [19]. Another application of Theorem 
5.3 are hard rod type models, which are studied in [19] and [20]. 
We consider a matrix subshift (F, is, A, A), where the interaction is of the form 

P A (q,r,d) With 

OO 

(30) A (q>rid) : a A C, f + 6) d(*-l). 

Here r : F x F — > C is called an interaction matrix, d £ a distance 
function, and q G Cb(F) a potential. The extra parameter /? € C is usually 
called the inverse temperature. In this context the dynamical partition function 
Z n ({3 A( q r ( i)) as defined in (3) coincides with the usual partition function for the 
two-body interaction with respect to (q, r, d) and periodic boundary condition 
(see [19, Cor 1.11.3]). We will assume additional properties of the distance func- 
tion and the interaction matrix. A list of examples will be given in Examples 6.1 
and 6.5. 

An interaction matrix r is said to be of Ising type, if there exists a finite number 
of functions Sj, U : F — > C such that 

M 

r(x,y) = 'Y^Si(x) U(y). 
i=i 

The minimal number M is called the rank of r. 

Example 6.1. (i) Ising model: Let F C C be a bounded set and r(x,y) = 
xy. In E. Ising's original model [6] he took F = {±1}, the so called spin-^ 
model, in order to describe fcrromagnctism of a solid, where the spins of 
the electrons can only take values in a set with two elements, "spin up" 
or "spin down" . 

(ii) Let F C H be a bounded subset of a finite dimensional Hilbcrt space 
(H, (■]■)). Then any bilinear form (3 on TL defines an interaction matrix 
of Ising type via r(x, y) := (3(x, y). In fact: Choose an orthonormal basis 
(ej)j=i,....dim-H for H, then 

dim 7t dim7i 

(3(x,y) = (3(^2 (x\e l )e t ,y)= (x\e t ) (3(e t ,y). 

i=l i=l 

Note that r has rank less or equal to dim7i. 

(iii) The (generalized) Stanley M -vector model, cf. [24], is a special case of (ii): 
Take H = R M with r(x,y) = (x \ y) and F := {a e R M | r{a,a) = s 2 } 
to be the {M — l)-sphere with radius s > equipped with the (normalized) 
surface measure is on F. 

The following table gives a list of physical models which can be seen as 
applications of Stanley's M-vector model. Depending on the parameter 
M these models have special names. 



KanJt 


Special name 


System 


1 


Ising model 


one-component fluid, binary alloy, mixture 


2 


Planar model 


A-transition in a Bose fluid 


3 


Heisenberg model 


(anti-)ferromagnetism 


M > 3 


M-vector model 


no physical system discovered yet 



This table is taken from [25, p. 488] where one can also find a lot of 
references to the underlying physics. Note that the rank 1 case gives 
F = {±1} and hence the spin-i Ising model. 



(iv) If F is finite, then every interaction matrix is of Ising type, since 

r[x,y) = ^2r(x,z)S(y,z), 

where 8 : F x F — > C is Kronecker's delta on F. In particular, the finite- 
state Potts model is of Ising type: Let F be a finite set and r(x, y) — 
8(x,y). This model is due to R. Potts [17] and describes the situation 
where only electrons with identical spin interact. □ 

We remark that Ising, Potts, and Stanley have considered these models only for 
finite range interactions. 

Consider the interactions A^ qrj ^ with distance functions d belonging to sub- 
spaces V p C £ X N (for p £ [1, oo [) which are defined as follows: d = ds, v ,w & D p if 
and only if there exist a Hilbert space Tt and a Schatten class operator B £ S P (H) 
with spectral radius pspec(B) < 1 and vectors v, w £ Ti such that 

d : N -> C, k ^ d(k) = (M k ~ 1 v \ w) H . 

Now, let d = da,v,w & D p and r(x,y) = YlfLi s i( x ) U(y)- We rewrite the Ising 
type observable A^ qrd ^ : — > C in such a way that we can apply Theorem 5.3. 

oo M 

A iq ,rMO = 9(a)+EE^)^te)( r2 "l t "> H 

i=2 j=l 

OO 

i=2 

where B_m : H M -► H M , (z u . . . , z M ) i-> (M Zl , . . . ,Mz M ), % : F x H -> 
% M ,^m_(x,v) := (si(x)w, . . . , sm(i)d) , and, similarly, tM_ : F x H — > Ti 717 , 
tM.(cc, u) := (<i(x)w, . . . , t M {x)v) . 

Theorem 6.2. Le£ (.F, A, A( q<rt< n) be a matrix subshift where q £ Cb{F), 
d = da, v .w £ Dp and r £ Cb(F x F) is an interaction matrix of Ising type, 
say r{x, y) = Ylff-i Sj(x) tj(y) with s,;, tj £ Cb(F). Then there exists an in- 
dex hq £ N depending on B such that for all n > hq the iterates MJ^ £ 
End(L 2 (F,di')(E)J 7 (TC M )) of the Ruelle-Mayer transfer operator 

(Mpf)(x,z) = J A a:X cxp^q(cr) +/3(z\sm_(o-,w)}^ f(a, t M ((r, v) + M M z) dv{a) 

are of trace class and satisfy the dynamical trace formula 

Zn{PA {q ^ d) ) = dct(l -B") M trace Mp. 



Proof. By assumption the sets {a x := sm(x,w) £ TL M \x £ F} and {6a; := 
tM(x,w) £ 7i M \ x £ F} are bounded. Choose m £ N large enough such that 
B m has operator norm less than one and is Hilbert-Schmidt. Proposition 5.2, 
applied to Bm, shows that the associated function c(m; •) is bounded, hence 
integrablc. Thus we can apply Theorem 5.3 to Mp which proves the claim. □ 

Corollary 6.3 (Ising model). Let F C C be a bounded set equipped with a 
finite measure v and (F, v, A, A^ qr ^) be a matrix subshift, where q £ Cb{F), 
d = d]s,,v,w £ Dp and r(x,y) = xy. Then there exists an index no £ N depending 
on B such that for all n > n the iterates Mp £ End(L 2 (F, dv)®f{l-C)) of the 
Ruelle-Mayer transfer operator 

(M/3f)(x,z) = J A a , x exp^Pq(a) + f3a{z\w)) f(a,av+Mz)du(a) 

are trace class and satisfy Z n {f3A^ q r ^) = det(l — B n ) trace M. n p. □ 

Corollary 6.4 (Potts model). Let F = {1, ...,N} be a finite alphabet, the 
measure v on F be identified with its distribution vector, and (F,v,A,A( qrd j) 
be a matrix subshift, where q : F — > C, d = dM,v,w £ "Dp and r(x,y) = 8{x,y). 
Then there exists an index no £ N depending on B such that for all n > no the 
iterates Mp 1 £ End(L 2 (F,diy)^!F(?i N )) of the Ruelle-Mayer transfer operator 

(Mpf)(l;Zi,...,z N ) = 

N 

= ^2 A fei ; v k exp([3q(k) + [3 (zfc|tu)J /(fc; (S k , m v + Mz m ) m= i t ...^ N ) . 
fc=i 

are trace class and satisfy Z n (f3A^ qrd ^) = det(l — M n ) N trace M.^ 1 - O 

By the canonical identification L 2 (F, dv)®T{H N ) = F{H N ) N the Ruelle-Mayer 
transfer operator can be rewritten as 

({M fJ {fi,...J N ))i(zi,...,z N ) 
x 

= y^Afc,; u k exp(j3q(k) + [3 (z k \w)^j f k ((S k , m v + !2 TO )m=i,...,iv) ■ 
fe=i 

Example 6.5. (i) Finite range: There exists po £ N, the range of d, such 
that d(k) = for all fc > po- Remark 6.6 below shows that d £ T>\. 

(ii) Polynomial-exponential: d : N — > C, fc i— > X k p(k), where p £ C[z] is a 
polynomial and A £ C with < |A| < 1 is the decay rate. Remark 6.7 
below shows that d£T>\. 

(iii) Superexponential: Let 7 > 0, S > 1 and d : N — > C, fc 1— > a(k) exp(— jk s ), 
where a : N — * C is of lower order such that lim a(fc) exp(— eifc 62 ) = 

k — >oo 

for all ei, £2 > 0. Proposition 6.8 below shows that d £ T>\. (The decay 
estimate can be weakened, cf. Example 6.9.) 

(iv) Suitable infinite superpositions of exponentially decaying terms: 

00 

d(k) = j2**l 

i=l 



where A G £ P N (1 < p < oo) and c : N -> C such that cA : N -> C, n i-> 
c„ A„ belongs to Obviously, d GT> p . 

Example: Pick a holomorphic function / on the unit disk with /(0) = 0, 
< |A| < 1, then d(k) = f{X k ) belongs to Pi. □ 

We conclude this section with the verification of the various claims made in 
Example 6.5. We start with some obvious facts on finite-range interactions. 

Remark 6.6. For po G N>i let 

[0 1 \ 



V 



1 



G Mat(p ,Po;Z). 



(i) Then § Po is a po-stcp nilpotent matrix with spectral radius Pspec(^p ) = 0- 

(ii) Let d : N — > C be a finite range distance function, say <f(fc) = for all 
k > p a , A G C x , and w d G C Po with entries w d (k) = \ l ~ k d(k). Then 
d(k) = ((XS Po ) k - 1 w d | ei) for all k G N, where e x = (1,0, ... ,0). □ 

Fix an additional decay parameter A with |A| < 1. Then ||(A§ Po ) fe || < 1 for all 
k G N and the dynamical trace formula for the Ruelle-Mayer transfer operator 
built from AS Po holds for all n G N (instead just for n > po in the case A = 1). 

-»■ W +1 via v(x) 



Remark 6.7. Let p € No and define v 



A(l,(l 



(1 



Further, let B(p +1 ) G Mat(p + l,p + 1;M) be the unipotent 



(lower) triangular matrix with entries 



(;•) 



, otherwise. 

Then det(l - (Al( p+1 )) n ) = (1 - A")p +1 and the binomial formula implies 



(k 



X k+i \ 
1 + x)X k+1 



( \ k 

(k + x)X k 



AB (p+1) 



(k + l + x)P- 1 X k+1 
\ {k + l + x)PX k+1 j 

for all k G N, and induction yields 

/ X k 

(k + x)X k 

{k + x)P- 1 X k 
V (k + x) p X k J 



\ 



{k + x)P^X k 
V (k + x)PX k J 



= (Am (p+1)N i fc_1 



) k - L v{x). 



Consequently, for c 



(c , ■ ■ 
p 

i=0 



. , Cp) G C p+1 and i = 0we have 
c t k l = (A fe (B( p+1 )) fe - 1 l|c) 



with 1 = (1, . . . , 1) e Z p+1 . Thus the distance functions d(k) := X k £Lo c * fc * 
belongs to T>\ . □ 



Proposition 6.8. Let g : N - 

§ g ; C N -> C N , (S g z) k — 



- c \ {o} ™% Er=i 

+1)^+1- T/lerl; 



g(fc) IP 



< oo. We define 



(i) § g leaves the spaces £ q N invariant for 1 < q < oo. Moreover, it defines 



continuous operators with ||§ g ||£<!N^£<iN < sup fc 



g(fc) 
=eN | s (fc+i) 



on these spaces. 



(ii) For aZZ x G FN, n € N , fc e N, we fcowe (S^) fc = z fc+ „. 

(iii) E> g : £ 2 N — ► belongs to the Schatten class S P (£ 2 N). It is not normal, 
and it satisfies pspec(Sg) < 1 as weH as det(l — §") = 1 for all n > p. 

C, vt := ff(fc) <i(fc) belongs to 



the function v d : N 
1 



(iv) //, for d : N — 
£ 2 N, then 

where e% — (1, 0, . . . , 0). /n particular d = d SgV d ei £ 2? p /or 1 < p < oo. 
Proo/. Let 1 < g < oo and z e PN, then 



E 



2fc+l 



< sup 

fcSN 



s(* + 1) 



This implies (i). Assertion (ii) is easily shown by induction. The £ 2 l 
§* of E> g is given by 



-adjoint 



S* : ^ 2 N -> £ 2 N, (SJOi 



Therefore ((§ g S*)(£))fc = I^TyTCfc, which shows that S g S* g is diagonal with 
respect to the standard basis. We can read off the singular numbers of S 9 being 
the square roots of the diagonal entries of § ff §g- By assumption they belong to 
£ P N. On the other hand 



0. 



g('-i) 
g(i) 



t = l, 
i > 2. 



((s:s„)(o)* 



0. 



9(0 



The operator norm of S" is bounded by sup fcs 



9(k) 
gJk+T) 



i=l, 

i > 2. 

g(fc) I 

g(k+n) I 



The sequence /c 



tends to zero, hence one can find fco £ N such that 



g(fc) 



k > Icq. Let C = maxfc = i 



, I g( fc ) I 

> fc I g(fc+l) I 



g(k+l) 

Then for all fc € N one has 



< \ for all 







g(k) 




1) 


ff(fco) 3(^0 + 1) 


g(k + n-l) 


g(fc + n) 




g(k + i 




2) 


g(k + 1) g(k + 2) 


g(k + n) 




< 


2~ (n— fcoH 


-fe) £tfc 


-1 

) 







which tends to zero as n — > oo. Hence we can find n S N such that ||S™|| < 1 and 
hence pspec(§g) < 1- With respect to the standard basis of £ 2 N the operator S g is 



an upper triangular matrix with zeros along the diagonal, hence det(l — S^) = 1 
for all n > hq. As a consequence of (ii) we have 

(§> d )< = vf +n = g(l + n) d(l + n) 

g{l + n) g{l + n) 

for all n G No, / G N, which immediately implies that 

(&- 1 v d \e 1 ) = (S*- 1 v d ) 1 =g(l)d(k). 

□ 

Remark 6.9. (i) For any nowhere-vanishing sequence s G £ P N setting g : 
N — * C, g(k) := (J\i=i s (0) one obtains a function g of the kind re- 
quired in Proposition 6.8. In particular, s(k) = and \s\ : N — > 
C, n i— » |s(n)| is the sequence of singular numbers of the corresponding 
weighted shift operator § s . Functions g : N — > C satisfying the summa- 
bility condition X)^Li | fi+n T ^ 00 arc ' ^ or instance, .g(fc) := cxp^k 5 ) 



with 7 > 0, S > 1. 



(ii) More generally, consider the following distance function d : N — > C which 
was studied by D. Mayer in [12, p. 100]: d(fc) = et(fc) exp(— jk s ), where 
7 > 0, 5 > 1 and a : N — ► C is a lower order term, in the sense that 
limfc^oo a{k) exp(— 1\ k e ' 2 ) =0 for all e\, €2 > . We claim that 

d(k) = (s*- v 1 ei ) £2N , 

where v d (k) := a(fc) exp ( 7 ((fc - l) 5 - k s )) defines w d G ^ 2 N, and g : N -> 
C, fc i-> cxp( 7 (fc - l) 5 ) defines § 9 G Si(£ 2 N) with ||SJ < 1. 

To prove the claim note first that g(l) = 1 and g satisfies the summability 
condition from Proposition 6.8: For 6 > 1 and j > we have 

/ - (1 + j) 5 = 3 f- 1 - (1 + j) (1 + j) 8 ' 1 < (J - 1 - j) J 3 ' 1 = -f- 1 - 
Hence 

(3D E r^il ^E^-^^ 1 )'- 1 )- 

exp( 7 P) ^ 

which is finite for all p > 0. Hence the corresponding weighted shift 
operator S g : £ 2 N — > ^ 2 N is trace class. Moreover, S ff has operator norm 
bounded by exp(— 7) < 1. It remains to show that v d G £ 2 N. We proceed 
similar to the previous estimate (31). For < ei < 7, < 62 < 5 — 1, by 
our assumptions on the lower order term a we can find a constant C > 
such that 



K'l^N = 5>xp(- 7 (^-(£:-l) 5 ))Kfc)| 
fe=l 

00 

< C ^exp(-7fc' 5 - 1 +ei/t £2 ) 

fc=i 
00 

< C £exp(- (7-ei)/: 4 - 1 ) < 00. 



k=l 



This proves the claim and hence shows that Proposition 6.8 (iv) applies 
to d. 

(iii) For d £ T> q for some q it would be sufficient that v d £ £ 2 N and (31) 
holds for some p < oo. These observations allow to weaken the conditions 
on the lower order term. For instance, the sequence a might grow like 
k i-> exp( 7 k 5 ' 1 - 6 ) for all e > 0. □ 
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